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Emergent phenomena are ubiquitous in nature
and refer to spatial, temporal, or spatiotemporal
pattern formation in complex nonlinear systems
driven out of equilibrium that is not contained
in the microscopic descriptions at the single-
particle level [1–3]. Examples range from novel
phases of matter in both quantum and classi-
cal many-body systems, to galaxy formation or
neural dynamics [4–7]. Two characteristic phe-
nomena are length scales that exceed the charac-
teristic interaction length and spontaneous sym-
metry breaking[8, 9]. Recent advances in inte-
grated photonics [10, 11] indicate that the study
of emergent phenomena is possible in complex
coupled nonlinear optical systems [12–14]. Here
we demonstrate that out-of-equilibrium driving of
a strongly coupled (‘dimer’) pair of photonic in-
tegrated Kerr microresonators [15], which at the
’single-particle’ (i.e. individual resonator) level
generate well understood dissipative Kerr soli-
tons [16, 17], exhibit emergent nonlinear phe-
nomena. By exploring the dimer phase dia-
gram, we find unexpected and therefore unpre-
dicted regimes of soliton hopping, spontaneous
symmetry breaking, and periodically emerging
(in)commensurate dispersive waves. These phe-
nomena are not included in the single-particle
description and related to the parametric fre-
quency conversion between hybridized super-
modes. Moreover, by controlling supermode hy-
bridization electrically [18, 19], we achieve wide
tunability of spectral interference patterns be-
tween dimer solitons and dispersive waves. Our
findings provide the first critical step towards the
study of emergent nonlinear phenomena in soli-
ton networks and multimode lattices.
Increasing the number of the components in a dy-
namical nonlinear system often leads to the appearance
of so-called emergent phenomena [3] that are accompa-
nied by the violation of underlying symmetries and even
microscopic laws [1, 2]. Emergent phenomena are om-
nipresent and most often observed as spontaneous self-
organization of spatiotemporal patterns. The formation
of galaxies [4], complex neural interaction in the human
brain [20] or collective dynamics in Bose-Einstein con-
densates [5] can be seen through the prism of emergent
phenomena. Recently, the advances in the manipula-
tion of driven dissipative quantum systems have allowed
the study of non-equilibrium phases in strongly inter-
acting quantum matter and led to the discovery of time
crystals [6, 7]. Among the large number of physical ef-
fects that can be called emergent, particularly impor-
tant examples are phase transitions [8] and symmetry
breaking [9] in complex systems. Their properties are
actively studied in different branches of physics includ-
ing photonics. The exploration of emergent phenomena
has originated new domains of Physics, such as those
related to dissipative nonlinear optical systems driven
out of equilibrium. For example, the discovery of com-
plex self-organization in active nonlinear optical cavities
related to temporal (and spatiotemporal) soliton mode-
locking [21, 22] has paved the way for efficient ultrashort
pulse generation, that is the foundation of modern fre-
quency metrology [23].
More recently, the discovery of coherent localized light
states, Dissipative Kerr Solitons (DKS) [17], in contin-
uous wave-driven passive nonlinear microresonators [16,
24, 25] has heralded a new generation of optical frequency
combs that can now be integrated on-chip. This platform
has provided access to previously unattainable repetition
rates, including gigahertz and terahertz domains, which
promises to make frequency combs ubiquitous [11]. Yet
to date, the study of emergent phenomena in driven non-
linear optical systems out of equilibrium has been mostly
confined to the cases with comparatively few degrees of
freedom. Indeed, DKS dynamics has been extensively
studied over the last years providing an accurate un-
derstanding of new physical phenomena ranging from
breathers to soliton crystals [26–32]. Also, perturbations
to the exact model such as Raman scattering or influence
of avoided mode crossings have been largely explored [33–
38]. However, all these novel and recently reported un-
derlying dynamical mechanisms can be well explained
within the one dimensional ’single-particle’ (i.e. individ-
ual resonator) Lugiato-Lefever equation [39–41] and its
modifications.
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FIG. 1. Dissipative Kerr Soliton (DKS) formation in a single and coupled ring resonators. (a) Single resonator
(particle) case. Dissipative Kerr soliton generation with a monochromatic pump (green). A resonance in the linear transmission
trace is represented by a single Lorentzian dip. Spectrum of a single DKS generated in the resonator is shown by discrete orange
lines having a hyperbolic secant profile. (b) Mode splitting upon transition to the dimer case. Resonator modes initially
separated by the inter-resonator detuning δ are hybridized in the dimer configuration and form a two-step ladder with the
separation ∆ω =
√
4J2 + δ2. (c) Two strongly coupled resonators (dimer case). Simultaneous spatiotemporal self-organization
in both cavities forms the GS (Gear Soliton). The hyperbolic secant spectrum is modified by two symmetrically-spaced Fano
shapes. The output spectrum of the pumped resonator is shown with blue lines, while the one of the auxiliary with red ones.
Orientation of the Fano shapes depends on the sign of the inter-resonator detuning. (d) Cascaded FWM (Four-Wave Mixing)
in the particle case leading to a DKS formation. (e) Novel FWM pathways between the supermodes which take place in the
photonic dimer. Odd inter-band (2, dashed line) and even inter-band (3, solid line) FWM pathway leading to the emergence
of DWs (Dispersive Waves).
Here we report the study of emergent nonlinear phe-
nomena of the DKSs dynamics beyond the Lugiato-
Lefever model by adding another spatial dimension. Our
study differs fundmanentally from all prior results, which
were obtained by including perturbations into the ’single-
particle’ Lugiato-Lefever. Instead, here we consider dy-
namics resulting from two perfect (i.e. ideal and unper-
turbed) coupled systems. Investigating DKS formation
in the photonic dimer [15] - a fundamental element of
soliton lattices - we show surprisingly rich nonlinear dy-
namics related to the efficient photon transfer between
the dimer supermodes. We study the case when DKSs
are generated in both resonators and due to the underly-
ing field symmetry, we refer to these structures as Gear
Solitons (GSs). We show that the dimer phase diagram
features novel states fundamentally inaccessible in single
resonators. We numerically demonstrate the emergence
of commensurate dispersive waves (DW) whose periodic
enhancement leads to the discretization of the soliton ex-
istence range, soliton hopping, as well as an effect of sym-
metry breaking related to the discreteness of the system.
For the first time, we experimentally observe GSs forma-
tion in a strongly coupled photonic dimer and probe their
non-trivial dynamics. Strikingly and counter-intuitively,
we observe that the imperfect mode hybridization (i.e.
finite inter-resonator detuning) is required to initiate co-
herent dissipative structures. Moreover, on a practical
level, by co-integrating microheaters, we demonstrate
electrical control over dispersion and achieve electroni-
cally tunable dispersive waves. Our results highlight the
richness and complexity to be explored in the emergent
nonlinear dynamics of multimode resonator lattices and
3at the same time offers a practical route to achieve elec-
trical control over underlying nonlinear processes.
PHYSICAL MODEL OF COUPLED KERR
RESONATORS
Nonlinear dynamics in the photonic dimer can be de-
scribed using a Hamiltonian formalism. We consider here
a tight binding model with Kerr nonlinearity, such that
the corresponding Hamiltonian can be written as:
Hˆd = −~J(
∑
µ
aˆ†1,µaˆ2,µ + aˆ
†
2,µaˆ1,µ) + Hˆ1 + Hˆ2, (1)
wherein J denotes the evanescent coupling between the
resonators. We note that in contrast to the Bose-
Hubbard dimer case [42], each resonator considered here
has an infinite set of optical bosonic modes (e.g. aˆ1,µ),
designated by the mode index µ and distributed accord-
ing to the microresonator dispersion relation Dint(µ) =
ωµ − (ω0 + µD1) (cf. Fig. 1d,e). As the resonators have
almost identical free spectral ranges, the hybridization
occurs among all considered modes of both resonators.
In the DKS state the cavity dispersion and nonlinear-
ity are exactly balanced for each mode µ such that the
parabolic dispersion profile collapses into a straight line
(cf. Fig. 1d,e). Hˆ1,2 represent the conventional single res-
onator Hamiltonian that can be expressed as [43, 44]:
Hˆi = ~
∑
µ
ωi,µaˆ
†
i,µaˆi,µ − ~gK/2(
∑
µ
(aˆi,µ + aˆ
†
i,µ))
4, (2)
where the single photon Kerr shift is given by gK =
~ω20cn2
n20Veff
, c stands for the speed of light in vacuum, Veff
is the effective nonlinear mode volume, n0 and n2 are
linear and nonlinear refractive indexes, respectively. Dis-
sipation is introduced using the usual approach for open
quantum systems, where we assume the regime that
J  κ, where κ denotes the cavity decay rate of an
individual mode designated by its creation operator aˆ†1,µ
and aˆ†2,µ.
We next introduce the notion of orthogonal cavity su-
permodes (see Fig 1b). We refer to the supermodes with a
higher frequency as antisymmetric (AS) and with a lower
frequency as symmetric (S). The hybridized supermodes
are given by:
aˆs,µ = αaˆ1,µ + βaˆ2,µ
aˆa,µ = βaˆ1,µ − αaˆ2,µ, (3)
with coefficients α, β =
√
1∓ d/√2, and the normalized
inter-resonator detuning d = δ/∆ω (which accounts for a
detuning between the resonator modes, cf. Fig. 1b). The
frequency splitting of the normalized modes is given as
∆ω =
√
4J2 + δ2.
Introducing the change of variables Eq. 3 into Eq. 1,
we find a set of nonlinear coupling terms representing
the interaction between the supermodes. With the no-
tation kˆµ,µ
′,µ′′
σ1,σ2,σ3,σ4 = aˆ
†
σ1,µaˆ
†
σ2,µ′ aˆσ3,µ′′ aˆσ4,µ+µ′−µ′′ ; σi =
{a,s}, where a and s stand for antisymmetric and sym-
metric mode, the resulting Hamiltonian (see Supplemen-
tary Information for additional details) can be expressed
as follows:
Hˆ =
~
∑
µ
[
ωµ(aˆ
†
a,µaˆa,µ + aˆ
†
s,µaˆs,µ) +
∆ω
2
(aˆ†a,µaˆa,µ − aˆ†s,µaˆs,µ)
]
− ~gK
2
∑
µ,µ′,µ′′
1
2
(1 + d2) (kˆµ,µ
′,µ′′
s,s,s,s + kˆ
µ,µ′,µ′′
a,a,a,a )︸ ︷︷ ︸
even and intra−band
− d
√
1− d2 (kˆµ,µ′,µ′′s,s,s,a + kˆµ,µ
′,µ′′
s,a,s,s − kˆµ,µ
′,µ′′
s,a,a,a − kˆµ,µ
′,µ′′
a,a,s,a )︸ ︷︷ ︸
odd and inter−band
+
1
2
(1− d2) (kˆµ,µ′,µ′′s,s,a,a + 4kˆµ,µ
′,µ′′
s,a,s,a + kˆ
µ,µ′,µ′′
a,a,s,s )︸ ︷︷ ︸
even and inter−band
 . (4)
GSs can be generated in both supermodes, however,
the modification of the spectral profile has been observed
only in the AS case, i.e. by tuning over the upper
parabola on the dispersion relation. Indeed, the phase
matching conditions can be fulfilled when the solitonic
line crosses the lower (S supermodes) parabola which
creates novel Four-Wave Mixing (FWM) pathways be-
tween AS and S supermodes. The presence of such phase-
matched interactions makes nonlinear dynamics of the
photonic dimer remarkably more rich and complex than
in the single resonator case. Novel nonlinear processes
can be divided into two categories according to the num-
ber of photons from each of supermodes involved: even
and odd. Remarkably, even and odd processes have
different efficiency depending on the normalized inter-
resonator detuning as follows from Eq. 4.
The GS is maintained in the AS supermodes by the cas-
caded FWM processes similar to the single resonator case
(see Fig. 1d) represented by the term kˆµ,µ
′,µ′′
a,a,a,a in Eq. 4.
Since the photons are staying within the same super-
mode family, we refer to this process as even and intra-
band. Inter-band FWM process are shown in Fig. 1e.
Process #2 is odd since two photons annihilated in the
AS create two photons: one in the AS and one in the
S supermode, while process #3 is even. They are rep-
resented by kˆµ,µ
′,µ′′
s,a,a,a and kˆµ,µ
′,µ′′
s,s,a,a in Eq. 4, respectively.
Inter-band FWM generates DW when the solitonic line
is in the vicinity of an S supermode. DWs are represented
by two symmetrically-spaced Lorentzian profiles in the S
supermode spectrum. Maxima of the Lorentzians occur
exactly at the mode where the crossing occurs. Interfer-
ence between the hyperbolic secant (in AS supermodes)
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FIG. 2. Emergent dynamics revealed by numerical simulations of the photonic dimer. (a) Schematic phase diagram
showing system states at different values of pump power and laser detuning. A dark-blue area corresponds to the cnoidal waves
(Turing rolls) emergence, yellow area - chaotic modulation instability, green area - stable GSs (Gear Solitons) existence, magenta
and orange areas - maximum of DW (Dispersive Waves) coexisting with GSs, blue area - soliton hopping regime. The red
area depicts states in which only the continuous wave background is observed. The diagram is obtained by averaging over 10
realization. (b) An example of the average intracavity power dependence on the laser detuning. Colours depicting different
regions in diagram (a) are preserved. (c) Corresponding intracavity field and (d) power spectral density (PSD) evolution in
the pumped resonator. (e) I and II show cross-sections of the plots (c) and (d) at the corresponding laser detuning values. I
(bottom) shows the supermode decomposition of the state I. (f) Soliton hopping dynamics. The intracavity field is extracted at
point III in plots (c-d) and propagated with a fixed laser detuning. Plots 1,2 show cases of maximum power in the pumped and
auxiliary resonators, respectively. (g-h) Schematic representation of the nonlinear dispersion relation showing the symmetry
breaking mechanism (g) and its numerical reconstruction for the soliton hopping state (h).
and Lorentzians (in S supermodes) results in a Fano-
shaped spectrum as shown in Fig. 1c. Remarkably, a
similar spectral feature has been discovered numerically
in a PT -symmetric dimer [45], where the appearance of
the Fano strictures was interpreted as a result of modu-
lation instability.
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FIG. 3. Kerr comb reconstruction of photonic dimer states (a) Microscope image of coupled Si3N4 resonators. Arrows
indicate the propagation direction of the soliton in the resonators. (b,c) GS (Gear Soliton) spectra recorded at the bus (blue)
and drop (red) waveguides. (d) Power of generated light while the pump laser is scanned across the antisymmetric resonance.
Colors correspond to Fig. 2b. (e, I-IV) Optical spectra of generated light at different pump laser detuning. I - modulation
instability, II - three GS state, III - stable GS with offset DW (Dispersive Wave), IV - stable GS with commensurate DW.
Blue coloring indicates region of comb reconstruction. (f, I-IV) Kerr comb reconstruction of different states showing the
frequency offsets of the comb lines versus their relative mode numbers (lighter colours correspond to higher comb line power). I
- modulation instability follows the parabolic dispersion profile, II, III - resonant DW appears with carrier-envelope-offset from
main soliton comb. IV - GS line with commensurate DW signature.
EXPLORING THE PHASE DIAGRAM OF THE
PHOTONIC DIMER
Even though weakly coupled [12] and size-mismatched
[12, 46] microring resonators have been recently studied
in the context of DKSs synchronization and enhancement
of the nonlinear conversion efficiency, the deployment of
large nonlinear photonic lattices requires an understand-
ing of dynamics of strongly coupled and uniform systems
of nonlinear cavities.
In order to investigate the phase diagram of the non-
linear photonic dimer, we perform numerical simulations
of the coupled-mode equations realizing a method pro-
posed in [47] (see Supplementary Information for details).
Fig. 2a shows a schematic phase diagram. The initial
dynamics is found to be similar to the single resonator
case [48]. We observe the formation of primary combs
followed by the cnoidal waves (Turing rolls) [49] in both
resonators (dark blue area in Fig. 2a,b). Fig. 2c,d pro-
vide the underlying evolution of intracavity power (spa-
tiotemporal diagram) and power spectral density of the
pumped resonator. Appearance of the spectral compo-
nents enhanced due to the supermode interaction can be
seen as converging distinct lines in Fig. 2d.
Significant divergence form the single resonator case is
observed in the soliton existence range. Stable gear soli-
tons are strongly perturbed by the periodic emergence
of DWs resulting from the inter-band FWM interactions.
The gear soliton existence range is represented by the
green area in Fig. 2a. The DWmaxima are shown by ver-
tical magenta and orange lines. The interaction between
supermodes leads to the periodic increasing of the aver-
age intracavity power in both resonators (see Fig. 2b).
High amplitude DWs perturb the GS state which can
lead to its decay or decreasing of the soliton number. The
strength of this effect directly depends on the number of
solitons and, therefore, the system is naturally forced to-
wards the single GS state where the perturbation is the
6weakest [50]. Since the values of the laser detuning at
which the resonant enhancement of the DW occurs are
related to the discretization of the lower parabola, the
soliton steps are discretized as well according to the po-
sition of the resonances. The phase diagram is averaged
over 10 realizations and the values of the laser detuning
at which the single soliton state decays most probably
are plotted.
The difference between the two DWs maxima (magenta
and orange) can be seen in Fig. 2c. Maxima depicted in
magenta correspond to the cases when the solitonic line
on the dispersion relation crosses exactly points on the
lower parabola (Fig 2g solid line). The resonant interac-
tion becomes efficient which leads to the increasing aver-
age intracavity power [37]. Further change of the pump
laser detuning brings GS between two discrete point on
the S supermodes parabola where it demonstrates an un-
stable behaviour. This instability leads to a symmetry
breaking during which the GS acquires a group velocity
(see Supplementary Video 1). The sign of the group ve-
locity varies arbitrary from one realization to another.
The additional group velocity corresponds to a tilt of
the solitonic line on the nonlinear dispersion relation [51]
(Fig 2g green and gray dashed lines). We found out that
the group velocity self adjusts to a value, which precisely
ensures that the dispersionless soliton line connects again
with discrete points on the S parabola. Surprisingly, in-
termediate values are not chosen. Fulfillment of the res-
onance condition, as previously, leads to the increase of
average intracavity power which is depicted by orange
lines in Fig. 2a,b. The optical spectrum and intracavity
power profiles of two different maxima of the DWs am-
plitude are shown in Fig. 2e (I and II). The change of the
group velocity of the GS leads to an asymmetry in the
wings of the spectrum and a displacement of Fano-shaped
peaks by one mode number (dashed line in Fig. 2e II).
Decomposition into the supermodes according to Eq. 3
demonstrates a clear separation of the GS and DWs be-
longing to different supermodes (Fig. 2e I (bottom)).
A novel effect is found at higher values of the pump
power. After reaching a critical value of the laser de-
tuning, the system exhibits periodic energy exchange be-
tween the coupled resonators while being in the GS state.
This dynamical regime is referred as soliton hopping and
is indicated by the blue area in Fig. 2a,b. This process is
similar to so-called self-pulsation effect discovered in sin-
gle mode dimers [52, 53]. However, in the multimode case
the presence of solitons allows for synchronous pulsation
of a large number of longitudinal modes which enables the
hopping of the spatiotemporal structure as a whole, em-
phasizing the quasi-particle nature of the DKSs. The soli-
ton hopping regime is studied by extracting the complex
amplitude from both resonators at point III in Fig. 2c,d
and numerically propagating it with a fixed laser detun-
ing (see Fig. 2f). The average power in the coupled res-
onators oscillates in counter-phase. In this regime, the
GS is strongly projected onto the S supermode which
leads to periodic constructive and destructive interfer-
ence. The soliton hopping frequency coincides well with
the gap between the hybridized parabolas in the disper-
sion relation. Power spectral densities and intracavity
powers at maximum power in the pumped resonator and
maximum power in the auxiliary resonator are shown in
Fig. 2f (1,2), respectively. Additional sidebands often as-
sociated with breathing [28] are observed in the optical
spectra. The distance between sidebands decreases with
increasing mode number. This is similar to the case of
Kelly sidebands which appear during periodic perturba-
tion of a solitonic state [54]. The origin of the sidebands
can be easily understood by analysing the corresponding
nonlinear dispersion relation (Fig. 2h). We numerically
reconstruct the nonlinear dispersion relation by taking a
double Fourier transform of the spatiotemporal diagram.
The periodic soliton hopping here is represented by a set
of equally-spaced lines (ladder) separated by ∆ω, which
indicates the hopping frequency. The sidebands appear
exactly at the points were the ladder crosses the DW
parabolas.
EXPERIMENTAL RESULTS
Experimental observation of Gear Solitons on the
Si3N4 platform
Experimental investigation of the phenomena de-
scribed above requires microresonators with anomalous
dispersion, ultra-low loss and exceptional uniformity,
which are fabricated with the photonic Damascene re-
flow process on Si3N4 [10, 55]. The DKSs were gener-
ated in a pair of 181 GHz resonators (cf. Fig. 3a) with
a frequency-dependent evanescent coupling of J/2pi = 3-
6 GHz having intrinsic and external coupling loss rates
κ0, κex ≈ 2pi· 25 MHz, by laser tuning [16] (cf. Fig. 3b,c).
Further details of the experimental setup are described
in the Supplementary Information.
Fig. 3d depicts the power of the light generated in the
dimer as the pump laser frequency is reduced, crossing
the AS resonance. Similar to the single resonator case,
a chaotic modulation instability state is observed, which
collapses to a low-noise GS state as the laser crosses from
blue to red detuning. At low pump power (200 mW in
the waveguide, see Supplementary Information), a man-
ifold of multisoliton GS can be accessed (cf. Fig. 3e,f,II).
At high pump power (900 mW in the waveguide), the
multisoliton states rapidly collapse to a single GS state
due to their mutual disruption in the presence of strong
resonant DW formation in the S supermode [50]. We ob-
serve two types of dual DWs in hybridized supermodes:
Fano shaped and Lorentzian shaped. Fano-shaped DWs
are observed continuously during the tuning scan, while
Lorentz-shaped DWs appear resonantly at a fixed de-
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FIG. 4. Electrical control of gear soliton and dispersive wave interference. (a) Microscope image of a chip containing
two coupled Si3N4 resonators partially covered by gold microheaters. (b) Optical spectra recorded at the drop waveguide at
different inter-resonator detunings δ (color code refers to panel d). (c) Linear measurements of the transmission. (d) Position
of the spectral maxima associated with the DWs as a function of the inter-resonator detuning δ. (e) Zoom of the second
spectrum from the top in plot (b) showing that the energy of the comb lines remains similar over a wide range of frequencies.
Colours in all plots are preserved.
tuning (cf. Fig. 3e,III). We investigate the coherence
among the DW and the soliton using absolute frequency
measurements of each frequency component of the spec-
trum [56].
We find that the Fano-shaped hybrid DW is bound
to the soliton, i.e. it has identical repetition rate frep
and carrier-envelope-offset frequency fceo and constitute
a commensurate continuation of the primary soliton fre-
quency comb, facilitating their exploitation for metrology
[57, 58]. In contrast to the single-particle LLE intuition,
the Lorentz shaped hybrid DW is actually generated at
a different fceo (cf. Fig. 3f,III) and hence constitutes an
incommensurate secondary frequency comb. Numerical
studies (see Supplementary Information) reveal that the
reason for the emergence of incommensurate DWs is the
frequency-dependency of the coupling rate J inherent to
the evanescent coupling scheme. Strikingly the spectrum
still reveals multisoliton interference patterns[25] - indi-
cation of a fully coherent comb in the single-particle LLE
- which however, in the dimer case, does not always lead
to a fully coherent optical comb (Fig. 3e, panel II). It is
noteworthy that the DWs continue the spectral line pat-
tern of multisoliton and even soliton crystal states (cf. SI
Fig. 8). The observation of commensurate and incom-
mensurate dispersive waves in the photonic dimer moti-
vates a deeper analysis of Eq. 1. The prefactors of even-
and odd- inter-band FWM transitions reveal that for van-
ishing normalized detuning d = 0, the odd inter-band
transition, which inherently preserves the frequency off-
set of the soliton in the DW, vanishes as well. Strikingly
and counter intuitively, our numerical studies show that a
degree of asymmetry either in dissipation (i.e. asymmet-
ric external coupling κex/2pi) or a finite inter-resonator
detuning δ is required for the formation of fully coherent
dissipative structures in the S modes.
Electrical control of hybrid dispersive waves
Having studied emergent nonlinear phenomena in the
nonlinear dimer, we show some practical relevance of the
additional control provided by this system.. Since the
Fano shape in the optical spectrum originates from the
interference of the soliton in the AS mode family and dis-
persive waves in the S mode family, its position is deter-
mined by the intersection of the solitonic line with the S
parabola given by µDW =
√
2(∆ω−ζ)
D2
. Therefore, the po-
8sition of the enhanced spectral lines can be readily tuned
by thermally varying the inter-resonator detuning δ [18].
We suppress the appearance of incommensurate DW by
operating the device with strongly asymmetric external
coupling. Thermal tuning up to 19 GHz is achieved via
integrated gold microheaters (see Fig. 4a.), which corre-
sponds to the tuning of DW positions over a range of
10 THz. While Fano-shaped [59] and single mode DWs
[37] have been observed before, the photonic dimer case
presents the opportunity to electrically control the Fano
lineshape, i.e. the spectral regions where constructive in-
terference takes place. In particular, when the value of
δ is negative, the Fano shapes are oriented such that the
resulting solitonic spectra are flat over a broad spectral
range. This unique feature, together with the demon-
strated tunability makes the soliton dimer particularly
suitable for telecommunication-oriented applications [60].
CONCLUSION
In conclusion, studying linearly coupled driven nonlin-
ear microresonators, we have observed emergent nonlin-
ear dynamics, i.e. dynamics that is not contained in the
single-particle LLE. The observations range from novel
resonant Fano dispersive waves, soliton hopping, to sur-
prising relation between the phase coherence of dissipa-
tive structures and imperfect mode hybridization. These
observation cannot be predicted nor anticipated from the
single-particle LLE, and indicate the rich nonlinear dy-
namics that can occur when increasing the system size
further to lattices. Thereby, current work represents the
first step in the development of integrated soliton lattices.
Experimental and theoretical approaches demonstrated
here, including the representation of the hybridised dis-
persion relation, spectral analysis of the FWM pathways
and thermal tuning of the Fano resonances, can serve as
a foundation to further studies of large one- and higher-
dimensional soliton lattices. Our study underscores An-
derson’s statement ’more is different’ [1] and extends it
to driven dissipative nonlinear cavities, which due to re-
cent progress in photonic materials and fabrication, can
now be arranged in extended lattices. The latter are
of the strong current interest in frameworks of nonlin-
ear all-optical computing [61] and neural network imple-
mentations [62], topological photonics [63], digitally pro-
grammable chromatic dispersion systems [64], and PT -
symmetric systems [65]. Finally, we anticipate the possi-
bility to create global Bloch solitons in a lattice of coupled
resonators containing DKSs in each of them.
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DERIVATION OF THE QUANTUM HAMILTONIAN IN CONSERVED SYSTEM
We start with the Hamiltonian of two non-linear (coefficient gK) bosonic modes aˆ, bˆ detuned by δ and linearly
coupled with strength J :
Hˆ = ~ω0(aˆ†aˆ+ bˆ†bˆ) + ~
δ
2
(aˆ†aˆ− bˆ†bˆ)− ~J(aˆ†bˆ+ bˆ†aˆ)− ~gK
2
(aˆ†aˆ†aˆaˆ+ bˆ†bˆ†bˆbˆ). (1)
Defining the antisymmetric and symmetric dimer supermodes which diagonalize the linear part of the system as
follows:
aˆs = αaˆ+ βbˆ aˆa = βaˆ− αbˆ (2)
aˆ†s = αaˆ
† + βbˆ† aˆ†a = βaˆ
† − αbˆ† (3)
α =
√
1− d√
2
β =
√
1 + d√
2
, (4)
with d = δ/∆ω, ∆ω =
√
δ2 + 4J2. We can verify the commutator relation:
[aˆs, aˆ
†
s ] = α
2[aˆ, aˆ†] + β2[bˆ, bˆ†] =
1− d
2
+
1 + d
2
= 1. (5)
Using the definition of the supermodes we can state that:
aˆ = αaˆs + βaˆa bˆ = βaˆs − αaˆa. (6)
Therefore, we can obtain the following relations:
aˆ†aˆ = α2aˆ†s aˆs + β
2aˆ†aaˆa + αβ(aˆ
†
s aˆa + aˆ
†
aaˆs) (7)
bˆ†bˆ = β2aˆ†s aˆs + α
2aˆ†aaˆa − αβ(aˆ†s aˆa + aˆ†aaˆs) (8)
aˆ†bˆ = αβaˆ†s aˆs − αβaˆ†aaˆa − α2aˆ†s aˆa + β2aˆ†aaˆs (9)
bˆ†aˆ = αβaˆ†s aˆs − αβaˆ†aaˆa + β2aˆ†s aˆa − α2aˆ†aaˆs. (10)
The same can be done with nonlinear terms of the Hamiltonian:
aˆ†aˆ†aˆaˆ = (α2aˆ†s aˆ
†
s + β
2aˆ†aaˆ
†
a + 2αβaˆ
†
s aˆ
†
a)(α
2aˆsaˆs + β
2aˆaaˆa + 2αβaˆsaˆa)
= α4aˆ†s aˆ
†
s aˆsaˆs + 2α
3βaˆ†s aˆ
†
s aˆsaˆa + α
2β2aˆ†s aˆ
†
s aˆaaˆa
+ 2α3βaˆ†s aˆ
†
aaˆsaˆs + 4α
2β2aˆ†s aˆ
†
aaˆsaˆa + 2αβ
3aˆ†s aˆ
†
aaˆaaˆa
+ α2β2aˆ†aaˆ
†
aaˆsaˆs + 2αβ
3aˆ†aaˆ
†
aaˆsaˆa + β
4aˆ†aaˆ
†
aaˆaaˆa (11)
bˆ†bˆ†bˆbˆ = β4aˆ†s aˆ
†
s aˆsaˆs − 2αβ3aˆ†s aˆ†s aˆsaˆa + α2β2aˆ†s aˆ†s aˆaaˆa
− 2αβ3aˆ†s aˆ†aaˆsaˆs + 4α2β2aˆ†s aˆ†aaˆsaˆa − 2α3βaˆ†s aˆ†aaˆaaˆa
+ α2β2aˆ†aaˆ
†
aaˆsaˆs − 2α3βaˆ†aaˆ†aaˆsaˆa + α4aˆ†aaˆ†aaˆaaˆa. (12)
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2From expression 4 one can deduce that:
(β2 − α2) = δ
∆ω
αβ =
J
∆ω
. (13)
The resulting Hamiltonian is given by:
Hˆ/~ = ω0(aˆ†aaˆa + aˆ†s aˆs) +
∆ω
2
(aˆ†aaˆa − aˆ†s aˆs)−
gK
2
[
(α4 + β4)(aˆ†s aˆ
†
s aˆsaˆs + aˆ
†
aaˆ
†
aaˆaaˆa)
+ 2αβ(α2 − β2)(aˆ†s aˆ†s aˆsaˆa + aˆ†s aˆ†aaˆsaˆs − aˆ†s aˆ†aaˆaaˆa − aˆ†aaˆ†aaˆsaˆa)
+2α2β2(aˆ†s aˆ
†
s aˆaaˆa + 4aˆ
†
s aˆ
†
aaˆsaˆa + aˆ
†
aaˆ
†
aaˆsaˆs)
]
(14)
= ω0(aˆ
†
aaˆa + aˆ
†
s aˆs) +
∆ω
2
(aˆ†aaˆa − aˆ†s aˆs)−
gK
2
[
1
2
(1 + d2)(aˆ†s aˆ
†
s aˆsaˆs + aˆ
†
aaˆ
†
aaˆaaˆa)
− d
√
1− d2(aˆ†s aˆ†s aˆsaˆa + aˆ†s aˆ†aaˆsaˆs − aˆ†s aˆ†aaˆaaˆa − aˆ†aaˆ†aaˆsaˆa)
+
1
2
(1− d2)(aˆ†s aˆ†s aˆaaˆa + 4aˆ†s aˆ†aaˆsaˆa + aˆ†aaˆ†aaˆsaˆs)
]
(15)
= ω0(aˆ
†
aaˆa + aˆ
†
s aˆs) +
∆ω
2
(aˆ†aaˆa − aˆ†s aˆs)−
gK
2
[
1
2
(1 + (
δ
∆ω
)2)(aˆ†s aˆ
†
s aˆsaˆs + aˆ
†
aaˆ
†
aaˆaaˆa)
− 2 δJ
(∆ω)2
(aˆ†s aˆ
†
s aˆsaˆa + aˆ
†
s aˆ
†
aaˆsaˆs − aˆ†s aˆ†aaˆaaˆa − aˆ†aaˆ†aaˆsaˆa)
+2(
J
∆ω
)2(aˆ†s aˆ
†
s aˆaaˆa + 4aˆ
†
s aˆ
†
aaˆsaˆa + aˆ
†
aaˆ
†
aaˆsaˆs)
]
. (16)
Let us extend the Hamiltonian 1 to the multimode case. We define the set of bosonic modes aˆµ, bˆµ, so the following
expression can be obtained:
Hˆ = ~
∑
µ
[
ωµ
(
aˆ†µaˆµ + bˆ
†
µbˆµ
)
+
δ
2
(
aˆ†µaˆµ − bˆ†µbˆµ
)
− J
(
bˆ†µaˆµ + aˆ
†
µbˆµ
)]
+ HˆKerr. (17)
The last term defines the on-site Kerr nonlinearity. It is defined as Hˆ
Kerr
= −~ gK2 :
(∑
µ oˆ
i(ωp+µD1)t
µ + H.c.
)4
: for each
site oˆ = aˆ, bˆ, where : ... : means the normal ordering of the operator [1]. Furthermore, the rotating wave approximation
is used, together with assumptions that the resonant frequencies are close to frequency grid, i.e. ωµ ≈ ω0 +µD1. The
Hamiltonian is then:
Hˆ = ~
∑
µ
[
ωµ
(
aˆ†µaˆµ + bˆ
†
µbˆµ
)
+
δ
2
(
aˆ†µaˆµ − bˆ†µbˆµ
)
− J
(
bˆ†µaˆµ + aˆ
†
µbˆµ
)]
− ~gK
2
∑
µ,µ′,µ′′
(
aˆ†µaˆ
†
µ′ aˆµ′′ aˆµ+µ′−µ′′ + bˆ
†
µbˆ
†
µ′ bˆµ′′ bˆµ+µ′−µ′′
)
. (18)
By performing a similar transformation for each longitudinal mode, i.e. aˆs,µ = αaˆµ + βbˆµ, aˆa,µ = βaˆµ −
αbˆµ, the linear part is diagonalized for for each pair of modes with index µ. With the notation kˆµ,µ
′,µ′′
σ1,σ2,σ3,σ4 =
aˆ†σ1,µaˆ
†
σ2,µ′ aˆσ3,µ′′ aˆσ4,µ+µ′−µ′′ , the Hamiltonian is expressed as
Hˆ = ~
∑
µ
[
ωµ(aˆ
†
a,µaˆa,µ + aˆ
†
s,µaˆs,µ) +
∆ω
2
(aˆ†a,µaˆa,µ − aˆ†s,µaˆs,µ)
]
− ~gK
2
∑
µ,µ′,µ′′
1
2
(1 + d2) (kˆµ,µ
′,µ′′
s,s,s,s + kˆ
µ,µ′,µ′′
a,a,a,a )︸ ︷︷ ︸
even and intra−band
− d
√
1− d2 (kˆµ,µ′,µ′′s,s,s,a + kˆµ,µ
′,µ′′
s,a,s,s − kˆµ,µ
′,µ′′
s,a,a,a − kˆµ,µ
′,µ′′
a,a,s,a )︸ ︷︷ ︸
odd and inter−band
+
1
2
(1− d2) (kˆµ,µ′,µ′′s,s,a,a + 4kˆµ,µ
′,µ′′
s,a,s,a + kˆ
µ,µ′,µ′′
a,a,s,s )︸ ︷︷ ︸
even and inter−band
 .
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FIG. 1. Numerical reconstruction of the dimer phase space. (left) Superposition of interactivity power traces. For
every value of the pump power there 10 traces superimposed. (right) three examples for three different pump powers: 0.9, 1.2
and 1.5 W
NUMERICAL RECONSTRUCTION OF THE DIMER PHASE SPACE
The phase diagram is reconstructed by superimposing 10 interactivity power traces and thereby identifying the
range of parameter that corresponds to the diagram regions. The coupling coefficient J is considered linear and, at
first, frequency independent. The angle between the geometrical center of resonators and the bus waveguide is chosen
to be pi which corresponds to a simple vertical arrangement. The inter-resonator detuning δ is included by adding
a correction to the integrated dispersion. The noise is taken on the level of 10−6 photons per mode with uniformly
distributed random phases. Other simulation parameters are taken from the experimental measurements of real Si3N4
devices. Nonlinear propagation in the photonic dimer can be described by two coupled LLEs. Let A(t, θ) and B(t, θ)
be slowly-varying complex field’s envelops in the pumped and auxiliary resonators (shown in Fig. 1c (main article)
by blue and red respectively). The moving frame is rotating with the same group velocity in both resonators but in
opposite directions. We have chosen the following formulation of the coupled LLEs:
∂A(t, θ)
∂t
=−
(κ1
2
+ iδω
)
A+ i
D2
2
∂2A
∂θ2
+ igK|A|2A+ iJB(t, θ′) +√κex,1sin
∂B(t, θ)
∂t
=−
(κ2
2
+ iδω
)
B + i
D2
2
∂2B
∂θ2
+ igK|B|2B + iJA(t,−θ′),
(19)
where κ1(2) = κ0 +κex,1(2) represent the total loss rate in the pumped and auxiliary cavities respectively composed of
internal losses represented by κ0 and losses due to the coupling κex,1(2), δω = ω0−ωp - pump laser detuning from the
cavity resonance, θ ∈ [−pi, pi] - polar angle corresponding to the ring circumference, D2 describes the deviation of the
resonant frequencies from the equidistant grid defined by the FWM, gK is the Kerr shift per photon, θ′ = pi− 2θC + θ
where θC is an angle between centers of the rings and the bus waveguide. The phase diagram is numerically generated
by exciting the system in a soft manner, i.e. adiabatically changing the laser detuning δω from blue to red side of the
AS hybridized resonance. The underlying simulations for the phase diagram are shown in Fig 1.
The influence of the inter-resonator coupling dependence on the mode number is investigated numerically. The
crucial role of this dependence can be seen in Fig. 2. We simulated the photonic dimer dynamics for three coupling
rates δ. For the cases when δ is positive or negative and of the order of the coupling rate J , we observed commensurate
dispersive waves appearing in the S supermodes. Change of the sign of δ leads to the Fano shape inversion. When δ
is of the order of zero the incommensurate dispersive waves manifest themselves as parallel line to the main solitonic
4a
c
δ > 0 δ ≈ 0 δ < 0
b
FIG. 2. Numerical investigation of the influence of the inter-resonator coupling dependence on the mode
number. Emergence of incommensurate dispersive waves is observed when the inter-resonator detuning is equal to zero which
corresponds to the enhanced efficiency of the even inter-mode processes. (a) Power spectral density of the intraresonator field.
(b) Supermode decomposition. (c) Reconstructed nonlinear dispersion relation.
line in the reconstructed nonlinear dispersion relation Fig. 2c.
PHOTONIC DIMER FABRICATION AND CHARACTERIZATION
Photonic dimers are fabricated with the photonic Damascene reflow process [2], deep-ultraviolet stepper lithography
[3] and silica preform reflow [4]. The ring radii are 125 µm, which results in a free-spectral range (FSR) of the microring
resonators of D1/2pi = 181.7 GHz. Slight fabrication imperfections, related to lithography and the material removal
rate occur over a much larger pattern size than the area of a photonic dimer and hence we observe excellent similarity
of the individual microring resonators comprising the photonic dimer. Individual ring and bus waveguides are 1.5 µm
wide and 800 nm high, which results in an anomalous second-order dispersion of D2/2pi = 4.1 MHz and third order
dispersion of D3/2pi = 4 kHz. Inter-resonator coupling gaps vary from 300 nm to 450 nm. Conformal filling of narrow
coupling gaps is facilitated by the photonic Damascene process [2]. Both resonators are interfaced with bus waveguides
to monitor the optical field in both resonators. Input and output coupling of light to and from the photonic chip is
facilitated with double inverse tapers [5] and lensed fibers.
LINEAR CHARACTERIZATION OF PHOTONIC DIMERS
We utilize the well established technique of frequency comb calibrated diode laser spectroscopy [6] to determine the
linear properties of the photonic dimers, such as the cavity loss rates κ, the inter-resonator detuning δ and the linear
coupling strength of the resonators J . Fig. 3 a,b depicts the raw normalized transmission for both waveguides as a
function of the optical frequency of the tunable diode laser. Residual reflection at the chip facets forms a Fabry-Perot
cavity which induces a small sinusoidal modulation of the transmission traces. We use sequential fitting in a sliding
window and subtract this modulation prior to further processing. In order to highlight the frequency-dependent
properties of the photonic dimer resonances, we plot the transmission trace in a Echellogram (cf. Fig. 3c), where the
frequency shift between subsequent vertical lines equals the cavity free-spectral range (FSR) of 180.75 GHz. Even
without the application of external cavity tuners such as microheaters, we observe an interresonator detuning that
is smaller than the evanescent coupling rate for at least 1/7 of the photonic dimers on the wafers, highlighting the
excellent deposition and polishing uniformity of the photonic Damascene reflow process. It is well established that
Si3N4 waveguides that feature anomalous dispersion also support multiple higher order modes, which are sufficiently
confined in the waveguide core to interact with the fundamental mode and hence form so-called avoided mode crossings.
We also regularly observe that coupling to higher order modes and the formation of avoided mode crossing is much
stronger for the S-mode family than for the AS-mode family. A detailed study of this phenomenon and whether it is
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FIG. 3. Linear spectroscopy of photonic dimers (a,b) Normalized frequency dependent transmission of top and bot-
tom waveguides of a photonic dimer. (c) Superimposed Echellogram of photonic dimer normalized waveguide transmissions.
Successive transmission lines are recessed by the cavity free spectral range of 181.8 GHz, starting at 186 THz in the bottom
and ending at 203 THz in the top. Avoided mode crossings, i.e. scattering into transverse higher-order dimer modes, are
much stronger on the symmetric dimer mode (S mode, left parabola) than on the anti-symmetric dimer modes (AS, right
parabola). (e,f) Zoomed in transmission traces of top and bottom waveguide transmissions with fitted coupling, detuning and
loss parameters.
linked to a fundamental symmetry in the system is currently being conducted using finite element and finite difference
time domain modeling and goes beyond the scope of the present study of soliton formation in the photonic dimer.
The relevant parameters are extracted by least-squares fitting of the model Eq. 19 in the adiabatic approximation
(∂A/∂t = 0), neglecting the nonlinear term (g0 = 0). An exemplar fit of the resonance pair of the photonic dimer
at 186.1 THz is plotted in Fig. 3e,f. In general the evanescent inter-resonator coupling is frequency-dependent and
periodic fluctuations of the fitted values of coupling J and inter-resonator detuning are related to repeated modal
crossings with the TE10 mode of the photonic dimer Fig. 4.
EXPERIMENTAL SETUP AND DATA ANALYSIS
The experimental setup for characterization of nonlinear frequency mixing and dissipative Kerr soliton generation
in photonic dimers is depicted in Fig. 5a. In order to avoid the emergence of incommensurate dispersive waves, we
introduce unequal couplings to bus and drop waveguides of the dimer. It comprises a combination of the experimental
setups used in Refs. [7] for Kerr comb reconstruction and [8] for dissipative soliton generation and phase modulation
response measurements. A widely tuneable external cavity diode laser (ECDL) is passed through a fiber-coupled phase
modulator (PM), amplified in an erbium doped fiber amplifier (EDFA) and coupled to the photonic chip. The laser is
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FIG. 4. Frequency dependent cavity dissipation and coupling rates of photonic dimers Frequency-dependent results
of photonic dimer fitting. a) Internal κ0/2pi and external κex/2pi loss rates for sample 1 and 2.
tuned into the antisymmetric resonance via the piezo tuning method described in Ref. [9]. Light from the chip is either
retrieved at the transmission or drop waveguide ports. The pump light is reflected by a tuneable fiber Bragg grating
(FBG), redirected by an optical circulator (CIRC) and impinges onto a fast photodiode (PD). The relative detuning
of the pump laser and Kerr-shifted resonance is determined by interrogating the phase modulation response S12 of
the photonic dimer using the phase modulator (PM) driven by a vector network analyser (VNA) and receiving the
signal from the PD. It is depicted in orange in Figs. 6,7. The optical spectra generated by nonlinear interaction in the
photonic dimer are analyzed in an optical spectrum analyzer (OSA) and depicted in blue in Figs. 6,7. The intensity
fluctuations of the light emerges either through chaotic modulation instability [7], various breathing processes[10–12]
or by mixing of components of soliton and incommensurable dispersive waves generated in the AS and S modes of
similar mode number µ, respectively.
In order to measure the nonlinear dispersion relation of soliton states and emergent nonlinear phenomena directly,
we utilize the Kerr comb reconstruction method [7], i.e. we reconfigure the frequency-comb assisted diode laser
spectrograph [6, 13] as heterodyne optical spectrum analyzer [14] by superimposing the output of the photonic dimer
with the scanning laser on a balanced photodetector. The spectral resolution is 4 MHz, determined by a 2 MHz low
pass filter (LP). A high dynamic range and logarithmic response is achieved by inserting a multistage logarithmic
amplifier (Analog Devices 8307) after the low-pass filter. Our data analysis work flow of the Kerr comb reconstruction
is plotted in Fig. 5b-d. In order to extend the spectral range of Kerr comb reconstruction, we employ two widely
tuneable ECDL lasers with overlapping wavelength ranges (1500-1630 nm and 1350-1505 nm). Each laser scan takes
about 20 seconds to complete and we continuously record the OSA and VNA signals in order to ensure that the Kerr
comb reconstruction is performed consistently. The dissipative Kerr soliton itself can be used to precisely stitch the
consecutive laser scans, which avoids the necessity of a stable transfer laser [13]. The calibrated grating spectrograph
(cf. Fig. 5b) is used to calibrate both the global frequency offset and the amplitude of the optical spectrum obtained
by Kerr comb reconstruction (cf. Fig. 5c). As a result of heterodyne detection and the small resolution bandwidth,
we obtain excellent dynamic range and noise floor (-90 dBm). In order to compress the vast spectral information,
we perform a peak detection and record only the position and amplitude of distinct peaks in a scatter type plot
(cf. Fig 5e,f). The precision of Kerr comb reconstruction is limited by drift of the ECDL laser pumping the photonic
dimer.
Figure 6 depicts additional data complementing the results displayed in Fig. 3 of the main manuscript. The data
is measured by coupling light in and out of the top waveguide, whereas the data in Fig. 3 of the main manuscript is
obtained by coupling light in and out of the bottom waveguide. Successive measurements are recorded at gradually
increased laser-resonance detuning in the AS resonator mode at 192.9 THz.
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FIG. 5. Experimental setup for Kerr comb reconstruction of photonic dimer solitons. a) External cavity diode laser
(ECDL); phase modulator (PM); erbium doped fiber amplifier (EDFA); Fiber polarization controller (FPC); Optical circulator
(CIRC); Vector network analyzer (VNA); Fiber Bragg grating (FBG); Optical spectrum analyzer (OSA); Electrical spectrum
analyzer (ESA); low-pass filter (LP); Logarithmic amplifier (LA); Sampling oscilloscope (OSC) b) Optical spectrum measured
with the grating-based optical spectrum analyser. c) Calibrated Kerr comb reconstruction trace of long wavelength(red) and
short wavelength(green) ECDL scans. d) Zoom into the overlap region of the two laser scans. Grey area indicates spectral region
highlighted in the panel below. e) Kerr comb reconstruction spectrogram. The offset frequency marks the frequency difference
of the incommensurable dispersive wave from the soliton frequency comb. f) Zoom into offset regions around incommensurable
dispersive waves (top and bottom) and soliton frequency comb. The spectral precision of Kerr comb reconstruction is limited
by slow drifts of the pump laser and photonic dimer frequency.
MULTI-SOLITON AND PHOTONIC CRYSTAL STATES
The most surprising novel feature of the incommensurate dispersive waves is that they are directly linked to the
solitonic state in the photonic dimer. This is most pertinently observed in multi-soliton and soliton crystal states. In
Fig. 6 we depict the optical spectrum the amplitude noise spectrum and the phase modulation response of a series
of multi-soliton and soliton crystal states, observed in sample 2 at moderate pumping power in the bus waveguide
(Pwg =360 mW). At low laser-cavity detuning ζ, we observe both imperfect [15] and perfect [16] 4-soliton crystal
states. Individual solitons can be eliminated by decreasing ζ and tuning the laser into the transient chaos regime
of the soliton phase diagram [16] or by increasing the detuning towards a resonant maximum of dispersive wave
generation where the mutual interaction of the solitons via the strong dispersive waves in the S mode destroys one or
more solitons. The top 4 panels of Fig. 7 show such a chain of multi-soliton states from a 4-soliton crystal to a single
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FIG. 6. Multi-soliton and photonic crystal states Optical spectra (blue), electrical spectrum of power fluctuations (red)
with detector noise floor (grey) and phase modulation response (orange). S,C resonance peaks result from the bistabilty of the
soliton solution in the resonator. The detuning between the laser and the "hot" AS cavity mode is deduced from the position
of the C-resonance peak. Physical units and y-Axis ranges are noted on top of the panels in the figure. The right panel depicts
the results from Kerr comb reconstruction with a similar color scale as SI Fig. 5.
soliton state. All dispersive waves inherit the multisoliton spectral interference pattern, which is generally considered
an argument for their coherence [17] and highlights that these incommensurate dispersive waves are generated by all
solitons simultaneously. In case of the perfect soliton crystal we observe that the pattern is shifted by one mode on
each side. In all cases, the spectral envelope of the incommensurate dispersive wave is a Lorentzian and not a Fano
lineshape. This is due to the fact that the multi-GHz offset-frequency difference between soliton and dispersive wave
leads to a temporal averaging of their constructive and destructive interferences on the detector.
BREATHING AND INTERMODE BREATHING SOLITON STATES
Kerr comb reconstruction not only reveals the differences between the carrier-envelope-frequencies of the gear
solitons and Lorentz-shaped incommensurable dispersive waves, it also proves the spectral coherence between gear
solitons and the Fano-shaped dispersive waves and reveals spectral signatures of breathing and intermode breathing
states directly. Both conventional [10] and intermode breathing [11] are observed in the form of regularly spaced
subcombs that span the full range of the soliton as well as the commensurable Fano-shaped dispersive waves. The
appearance of intermode breathing occurs only on part of the investigated samples and is liked to the appearance of
strong single mode dispersive waves that disturb the solitonic solution [12].
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